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We model a particle entering a complicated system from free space using an infinite chain of
simple harmonic oscillators coupled to a finite, n-site cluster. For a particle wavepacket with small
wavenumber, an expression for the time delay in terms of the coupling strengths of the cluster is
found. When the coupling strengths are varied, a minimum and maximum time delay can be found
for n = 1. When n = 2, we can obtain seemingly arbitrarily large time delays. In both cases, the
time delays share similarities with the time delays for the scattering from an analogous quantum
well target. We conclude that this could mean that large time delays are caused by interference
within the wavefunction in the target’s region of space.
I. INTRODUCTION
In this paper, we consider quantum systems for which
energy and matter can become trapped within a local-
ized system for a period of time before eventually escap-
ing. An interesting theoretical example of this type is
the problem of Hawking radiation [1]. Consider a black
hole in otherwise free space; when quantum effects are
taken into account, it was theorized by Hawking that the
black hole will emit particles as thermal radiation. This
causes a decrease in the black hole’s mass over time, lead-
ing to an eventual disappearance of the black hole. It is
clear that in this situation, energy and matter are ini-
tially trapped within the (localized) black hole, eventu-
ally escaping after some finite amount of time.
When considering quantum systems which trap en-
ergy and matter, a few questions naturally arise. Firstly,
we want to obtain an expression for the time delay, the
amount of time for which the matter is trapped within
the localized system. Moreover, we wish to examine how
these types of systems can be set up, and whether we can
vary parameters of the system in order to maximize the
time delay.
While these broad questions are somewhat difficult to
answer for a general quantum system, they can be an-
swered for some toy models. Moreover, the consideration
of these toy models could help to further understanding
of general quantum systems which trap energy and mat-
ter in a localized space. In this paper, we consider a
localized, n-site cluster connected to a discretized ver-
sion of 1-dimensional free space. Using this model, we
will find an expression for the time delay in the case of
general n, and attempt to maximize the time delay for
the n = 1 and n = 2 cases.
II. THE MODEL
To model this situation, we need an open system which
describes free particles, which we then couple to a finite,
more complex quantum system.
To model the open system, we consider an infinite
chain of simple harmonic oscillators (SHOs) coupled by
FIG. 1. The proposed model. The spacing between adjacent
sites is d.
nearest-neighbour interactions. We couple this system to
a more complex, finite system of SHOs, which have pos-
sible couplings to all other finite system SHOs, as shown
in Fig. 1. The Hamiltonian for the total system, H, is
taken to be:
H = H0 +H1, (2.1)
where
H0 = A
∑
n≤0
a†nan +B
∑
n≤−1
(a†nan−1 + a
†
n−1an), (2.2)
and H1 =
N∑
i,j=0
gija
†
iaj , (2.3)
with gij = g
∗
ji. (2.4)
A. Eigenstates of H0
Let |0〉 be the 0-particle eigenstate of the number op-
erator, N = ∑j a†jaj . It can be shown that [N ,H0] = 0,
so there exists a basis of H0 eigenstates with definite par-
ticle number.
The single-particle eigenstates of H0 are:
|χα〉 =
∑
n≤−1
(eiαn − e−iαn)a†n |0〉 (2.5)
The corresponding energy eigenvalues are:
Eα = A+ 2B cos(α), α ∈ R (2.6)
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2From the correspondence between the momentum oper-
ator and translation [2], we can show that α = kd, where
k is the wavenumber and d is the spacing between SHO
sites. In the following, we will consider results for small
α.
We note that the eigenstates given by (2.5) are dis-
cretized versions of free particle states. So, we can choose
A =
~2
md2
,
B = − ~
2
2md2
,
(2.7)
such that for small α, the energy of a free particle with
wavenumber k = αd is Eα =
p2
2m =
~2α2
2md2 .
B. Eigenstates of H
Far from the added complex sites (i.e. for free particle
sites with site number n << 0), the effect of these com-
plex sites should be diminished. So, the energy eigenval-
ues of H should be Eα, with similar eigenstates to |χα〉.
Suppose the eigenstates of H are of the form
|Ψα〉 =
∑
n≤−1
(eiαn+ e−iαneiϕ(α))a†n |0〉+
N∑
n=0
βn(α)a
†
n |0〉 .
(2.8)
Letting G be the matrix obtained from the coupling
strengths, we can define
P := (Eα IN×N −G) =
Eα − g00 . . . −g0N... . . . ...
−gN0 . . . Eα − gNN
 ,
and, if P is invertible, P−1 :=
µ00(α) . . . µ0N (α)... . . . ...
µN0(α) . . . µNN (α)
 .
From the definition of gij , P is a Hermitian matrix. It can
also be shown that if P is invertible, P−1 is Hermitian.
Since H has energy eigenvalues Eα, restricting that
H |Ψα〉 = Eα |Ψα〉 yields
eiϕ(α) =
− (1−Bµ00(α)e−iα)
1−Bµ00(α)eiα . (2.9)
C. Particle Wavepackets
With this construction, we can now consider how to
model a particle coming in from infinity and entering the
complex system. In this model, we consider a particle as
a Gaussian wave packet of width ∆ centred at α0, given
by
|ψα0,∆(t)〉 =
∫ ∞
−∞
dα e
(α−α0)2
∆2 e
−iEαt
~ |Ψα〉 , (2.10)
where |Ψα〉 is as in (2.8).
We will consider narrow wavepackets, where ∆ << 1.
In this case, (2.10) is well approximated by:
|ψα0,∆(t)〉 =
∫ 
−
dα e
(α−α0)2
∆2 e
−iEαt
~ |Ψα〉 (2.11)
for some small . Thus, our small α condition for the par-
ticle is still retained for the wavepacket (2.10). Moreover,
at early times, this wavepacket is localized in space.
III. THE TIME DELAY
Since ∆ is small, we can consider the Taylor series
approximation of ϕ(α) about α0. This expansion yields:
ϕ(α) ≈ ϕ0 + ϕ1(α− α0),
where ϕ0 := ϕ(α0) and ϕ1 :=
dϕ(α)
dα
∣∣∣∣
α0
We can show that the centre of the packet, X, moves
according to{
X = ~α0md t, for t << 0
X = −~α0md
(
t− mdϕ1~α0
)
, for t >> 0
This can be interpreted as the particle moving towards
the complex system with group velocity vg =
~α0
md , then
much later in time moving in the opposite direction, away
from the system, with the same speed. The particle ex-
periences a delay of mdϕ1~α0 between entering and leaving
the complex system. So, the time, τ , that the particle
can be said to stay within the complex system is
τ := md
2ϕ′(α0)
~α0 . (3.1)
Further discussion on how to find time delays for quan-
tum system scattering can be found in [3]. Defining di-
mensionless quantities τ∗ := ~2md2 τ and µ˜ij := Bµij , and
combining (2.9) and (3.1) yields:
τ∗ =
2α0
[∑N
n=0 |µ˜0n(α0)|2
]
sin(α0) + µ˜00(α0) cos(α0)− µ˜200(α0)
α0 (1− 2µ˜00(α0) cos(α0) + µ˜200(α0))
(3.2)
(3.2) is the (scaled) time that the particle spends within
the complex system.
IV. RESULTS
We can now consider the time delay for some specific
examples, as well as attempt find systems which maxi-
mize τ . Since our expression for the time delay depends
3on the entries of an (N+1)×(N+1) matrix, the compu-
tational difficulty increases considerably as N increases.
So, we will consider the cases of one or two added com-
plex sites.
A. One Complex Site
For one complex site, the time delay is given by:
τ∗ =
1
α0
[
1− (2 + g00B ) cos(α0)
1− 2(2 + g00B ) cos(α0) + (2 + g00B )2
]
(4.1)
It can be shown that the graph of τ∗ vs. g00B will attain
a unique maximum and minimum. 1
We can plot τ∗t∗ vs.
g00
B . The time delay, τ∗, is scaled
by t∗ := ~2md2 vgd =
~
2md2
md2
~α0 =
1
2α0
, the (scaled) time
required for the particle moving at vg to move one site
distance, d. The dimensionless quantity we plot is thus
τ∗
t∗
= 2α0τ∗
A plot of τ∗t∗ vs.
g00
B where α0 = 0.01 is shown in Fig. 2.
We note that for other small values of α0, the qualitative
behaviour of the plot appears to remain the same.
FIG. 2. The time delay versus g00
B
for α0 = 0.01 for one
complex site.
1 In fact, letting C := cos(α0), the maximum:
τmax∗ =
1
2α0
C√
1
C2
− 1− ( 1
C
− C)
is attained at ( g00
B
)max := 1
C
−2−
√
1
C2
− 1, and the minimum:
τmin∗ =
1
2α0
−C√
1
C2
− 1 + ( 1
C
− C)
is attained at ( g00
B
)min := 1
C
− 2 +
√
1
C2
− 1.
B. Two Complex Sites
For two added sites, we consider the parameters g00,
g11, g01, and g10 = g
∗
01. However, by examining the ex-
pression for τ∗, we see that without loss of generality, we
can let g01 be real, as τ∗ is a function of g00, g11, and
|g01|.
It was determined qualitatively that changes in g01 had
less of an effect on τ∗. Fig. 3 shows the time delay versus
g00
B and
g11
B for fixed
g01
B = 10.
FIG. 3. The time delay vs g00
B
and g11
B
for α0 = 0.01 and
g01
B
= 10.
We note the similar qualitative features of the two site
case to that of the one site case. However, in contrast
to the one site case, for two added sites, it appears that
we can obtain arbitrarily large time delays for specifi-
cally tuned (g00, g01, g11) couplings. That is, there does
not seem to be a specific (g00, g01, g11) point where τ∗ is
maximized. This can be seen from Figs. 4 – 7, which
show some peak time delays for specifically chosen cou-
pling parameters.
FIG. 4. The time delay vs g00
B
for α0 = 0.01 and fixed
g01
B
= 0.2172918414991763, g11
B
= 0.008733615838984361.
4FIG. 5. The time delay vs g00
B
for α0 = 0.01 and fixed
g01
B
= 0.17468678350764077, g11
B
= 0.006044726011816858.
FIG. 6. The time delay vs g00
B
for α0 = 0.01 and fixed
g01
B
= 10.431652777523526, g11
B
= −0.10410419882719132.
FIG. 7. The time delay vs g00
B
for α0 = 0.01 and fixed
g01
B
=
0.005175467209083724, g11
B
= −0.00006096640188476812.
V. DISCUSSION
A. Connection Between the One Site Case and a
1D Quantum Well
Consider a particle beam A0e
ikx incident on a potential
barrier given by:
V (x) =

0 , if x < 0
V0 , if 0 < x < L
∞ , if x > L
The graph of this potential is shown in Fig. 8.
FIG. 8. The potential for a 1D quantum well of width d.
By solving this elementary problem, we can obtain an
expression for R, the complex amplitude of the reflected
wave, which is of the form R = A0e
iφ(k) = A0e
iϕ(α).
Then, an expression for the time delay can be found, as
τ∗ =
ϕ′(α0)
2α0
. Some plots of the time delay versus well
depth are shown in Fig. 9 and Fig. 10.
FIG. 9. The scaled time delay, τ∗
t∗ versus scaled well depth,
V0
|B|
FIG. 10. The scaled time delay, τ∗
t∗ versus scaled well depth,
V0
|B| for a longer
V0
|B| scale than Fig. 9.
5We note that there are qualitative similarities in the
graphs of τ∗ vs. g00 and that of τ∗ vs. V0 when g00B and
V0
|B| are on similar scales. So, we take V0 to be a quantum
scattering analogue of g00.
B. Connection to Thin Film Problems
Now, consider a thin film, where a wave is partially
transmitted and partially reflected at each boundary, as
in Fig. 11.
FIG. 11. An illustration of a thin film problem.
In a 1D quantum well, k1 < k2, so we have construc-
tive interference if V0|B| = k
2L2− (m+
1
2 )
2
4 , and destructive
interference if V0|B| = k
2L2 − m24 , where m ∈ Z.
We note that the time delays in Fig. 10 occur at ap-
proximately quadratically-spaced intervals. Thus, the
maxima in the quantum well time delay case could be
caused by interference of the wavefunction within the
well. While the quantum well is not a perfect analogue
to the one site case, the two agree quite well when g00B
and V0|B| are on similar scales. So, constructive and de-
structive interference could also be an explanation for the
time delay maxima and minima seen in the one site case
of the toy model.
C. Connection to a Quantum Well for Two Sites
Now, we examine if the quantum-well analogue will
extend to the case of two complex sites.
Consider a particle beam A0e
ikx incident on the po-
tential given by:
V (x) =

0 , if x < 0
V0 , if 0 < x < a
V1 , if a < x < 2a
∞ , if x > 2a
We can carry out the same process of Section V A,
solving for R as R = A0e
iϕ(α), then using ϕ(α) to find
an expression for the time delay.
Some plots of the time delay as a function of well
depths are shown in Fig. 12 and Fig. 13.
FIG. 12. The scaled time delay, τ∗
t∗ versus scaled well depths,
V0
|B| and
V1
|B| .
FIG. 13. The scaled time delay, τ∗
t∗ versus scaled well depths,
V0
|B| and
V1
|B| for a larger time scale than in Fig. 12.
For the double quantum well, the plot of time delay
versus well depths shows qualitative similarities to the
plot of the time delay versus g00 and g11 in the two
site case. Moreover, for the double quantum well, we
can also obtain seemingly arbitrarily large time delays
for specifically chosen (V0, V1) points. So, it seems as
though a quantum well is also a good analogue for the
two site case. Then, we propose that similarly to the one
site case, the large maxima in the two site case could be
due to interference in the particle’s wavefunction within
the complex sites.
6D. Maximizing τ∗ for Fixed Coupling Strengths
Now, we consider a general number of added sites. In-
stead of varying the strengths of the couplings, we con-
sider fixing the quantum site coupling strengths so that
gij :=
{
A, for i = j
B or 0, for i 6= j.
That is, the complex sites are coupled to one another
with the same strengths as in the free particle sites, with
the option of complex sites being coupled to sites other
than just the nearest-neighbours.
Some possible coupling schemes for the case of four
complex sites is shown in Fig. 14.
FIG. 14. Some example coupling schemes for four complex
sites.
Examined up to N = 6, the largest time delay occurs
when oscillators are simply chained end to end, as in b)
or d) of Fig. 14. So, for fixed coupling strengths, we
cannot obtain a larger time delay than the one obtained
by only connecting sites to two neighbours.
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